Neighborly polytopes are those that maximize the number of faces in each dimension among all polytopes with the same number of vertices. Despite their extremal properties they form a surprisingly rich class of polytopes, which has been widely studied and is the subject of many open problems and conjectures.
Introduction
The scarcity of examples (and counterexamples) is a central problem in the study of combinatorial properties of convex polytopes. This makes the enumeration of all combinatorial types of d-polytopes with n vertices a fundamental problem, even for small values of d and n. This line of research was already started by Cayley and Kirkmann in the second half of the nineteenth century (see the historical remarks in Chapters 5, 6, 7 and 13 of [31] ). However, this is a computationally difficult problem, since realizability of d-polytopes is polynomially equivalent to the Existential Theory of the Reals (ETR) [43, 59] , and therefore NP-hard, already for d = 4 [52] .
As a consequence, the computations become intractable already for very small values of d and n. For d polytopes with up to d+3 vertices there are closed formulas [27] . In dimension 3, the problem is equivalent to enumerating 3-connected planar graphs by Steinitz's Theorem, and the precise asymptotic behavior is known [12, 61] . For the remaining cases, the largest classes that have been completely enumerated and classified so far are 4-polytopes with 8 vertices and 5-polytopes with 9 vertices [9, 26] (see the introduction of [26] for a summary of state of the art).
This intrinsic difficulty has motivated the focus on the enumeration of smaller and specially interesting families of polytopes, in particular simplicial [6, 31, 32] and neighborly polytopes [5, 7, 8, 15, 18, 19, 22, 31, 42, 57] . A d-polytope is k-neighborly if every subset of k vertices forms a face, and it is called just neighborly if it is d 2 -neighborly. Neighborly polytopes are important for several reasons, among them the Upper Bound Theorem, that states that simplicial neighborly polytopes are those that maximize the number of i-dimensional faces among all polytopes of fixed dimension and number of vertices [41] . They form a very rich family. Actually, the current best lower bounds for the number of combinatorial types of polytopes is attained by neighborly polytopes [46] .
In dimension at most 3 every polytope is neighborly, and there are explicit formulas for the number of neighborly d-polytopes with d + 3 vertices [7, 42] . Moreover, the enumeration of neighborly polytopes is known for 4 and 6-dimensional polytopes with up to 10 vertices, as a result of the combined effort of several researchers during the 70's and 80's [5, 8, 15, 18, 19, 31] . Recently, the enumeration of simplicial neighborly 5-polytopes with 9 vertices has been also completed [22, 26] .
The usual approach to all these results starts by enumerating all possible oriented matroids for the given parameters, which provides a superset containing all possible combinatorial types of polytopes. Oriented matroids are a combinatorial abstraction for point configurations and hyperplane arrangements that can be enumerated in a much more efficient way. The second step of this process is to decide which of these oriented matroids admit realizations as point configurations. This is a the hardest part, which usually requires ad-hoc solutions and case-by-case analysis. Even when restricted to neighborly polytopes, realizability is NP-hard [2] . The current state of the art in enumeration of oriented matroids can be found in [23] . It summarizes results of several authors concerning enumeration of uniform and non-uniform oriented matroids and their realizability [3, 4, 24, 25, 26, 28, 29, 30, 31, 49] . General oriented matroids of ranks 3 and 4 (and their duals) have been respectively enumerated up to 10 and 8 elements, and their realizability is known for up to 9 and 8 elements; uniform matroids are classified for up to 11 and 9 elements, and their realizability for up to 11 and 8. Neighborly oriented matroids of rank 5 with 11 elements were enumerated by Schuchert in 1995 [57] .
In this paper we approach the generation of neighborly oriented matroids. Our computational approach is based on single element extensions, as in [14, 24] . However, we first apply a satisfiability (SAT) solver to force neighborliness and reduce the number of candidate signatures (see Section 3) . The SAT problem is well known to be NP-complete, but can be solved efficiently in practice. Since Schewe's work [56] , SAT solvers have been successfully used in discrete geometry [20, 21, 39] . With the new method, we are able to completely enumerate the following new classes (where OM(r, n) represents the set of all oriented matroids of rank r with n elements):
1. all neighborly oriented matroids in OM (5, 12) , OM (7, 11) and OM(9, 12); 2. all uniform neighborly oriented matroids in OM(6, 9); 3. all possible face lattices of uniform neighborly oriented matroids in OM (6, 10) and OM (8, 11) . Additionally, we are also able to enumerate:
4. all possible face lattices of uniform 2-neighborly oriented matroids in OM (7, 10) and OM (8, 11) .
The results of our enumeration are summarized in Table 1 , that shows the number of neighborly oriented matroids (and the corresponding face lattices) and in Table 2 , that shows the number of 2-neighborly oriented matroids. In boldface we have stressed the results that were not known before. The complete database is available at https://sites.google.com/site/hmiyata1984/neighborly polytopes.
To enumerate neighborly polytopes, we need to decide the realizability of these oriented matroids. We have performed some realizability tests (see Section 4.1) but we are still not able to completely classify these matroids among realizable and non-realizable. We can certify realizability for those polytopes obtained by sewing and Gale-sewing [46] , and we have non-realizability certificates by biquadratic final polynomials [17] . Moreover, certain cases can be decided by studying their universal edges [50] . In particular, we are able to completely classify:
5. all possible combinatorial types of neighborly 8-polytopes with 12 vertices.
For the remaining cases, we only have upper and lower bounds. These results are summarized in Table 3 , that shows upper and lower bounds for the number of combinatorial types of (simplicial) neighborly polytopes (recall that every simplicial d-polytope with n vertices corresponds to the face lattice of n = 5 n = 6 n = 7 n = 8 n = 9 n = 10 n = 11 n = 12 Table 2 : The numbers of (relabeling classes of) 2-neighborly uniform oriented matroids of rank r and n elements (the numbers enclosed by brackets are the number of different face lattices of the corresponding oriented matroids). Boldface results are new.
a uniform oriented matroid in OM(d + 1, n)). There is still a huge gap between the current upper and lower bounds for these numbers, although we expect the actual number to be closer to the upper bounds. Among the direct consequences that can be deduced from this database there are the following results:
6. There are uniform neighborly oriented matroids without universal edges in OM(5, 11), OM(5, 12), OM (7, 11) and OM(9, 12) (only one such example, in OM(5, 10), was known [19] ). The latter (together with their realizability) gives a positive answer to a question by Richter and Sturmfels [50] concerning the existence of neighborly 2k-polytopes with 2k + 4 vertices without universal edges.
7. There is a simplicial 5-polytope with 9 vertices that is not a quotient of any neighborly 8-polytope with 12 vertices (however, every simplicial d-polytope with d+4 vertices is a quotient of a neighborly (2d + 4)-polytope with (2d + 8) vertices [37] ).
8. There are no oriented matroids M in OM (5, 12) or OM (7, 12) with an element e such that M \ e is neighborly and M * \e is also neighborly. This implies that the equality case of the affine generalized upper bound conjecture, if true, is probably not sharp for the ≤
levels of a d-dimensional arrangement of n affine halfspaces (this provides a negative answer to a question of Wagner, see [62] ).
9. The determinants of edge-valence matrices do not separate realizable neighborly oriented matroids and non-realizable neighborly oriented matroids (this implies that an observation by Bokoswki and Shemer [18] does not hold in general).
10. Each of our simplicial neighborly d-polytopes with n vertices satisfies property S * ( n−d+1 2 − 1) (considered in [33] ) but not necessarily property S * ( n−d+1 2 ) (it is remarked in [33] that the cyclic (n − 2k + 1)-polytope with n vertices satisfies property S * (k) when n is odd).
Moreover, our results provide more evidence for the following problems and conjectures: 13. Each uniform neighborly oriented matroid in OM(r, n) for which we have enumerated OM(r, n + 1) can be extended to a neighborly oriented matroid in OM(r, n + 1) (whether this holds for all neighborly polytopes was asked in [58] ).
14. Each of the duals of our simplicial neighborly polytopes has a hamiltonian circuit (this was proved for cyclic polytopes by Klee in [36] , where he suggested the study of the even-dimensional neighborly polytopes with this property).
15. Each of the duals of our simplicial neighborly polytopes satisfies the Hirsch conjecture (this was known for these combinations of rank and corank [20] , but we make a complete classification of the matroids in terms of their facet-ridge graph diameter).
Preliminaries and Notation
In this section, we provide basic definitions and notation on oriented matroids. For a comprehensive introduction to oriented matroids, see [13] . We use the notation [n] to denote the set {1, 2, . . . , n} for n ∈ N.
Oriented matroids
Let E be a finite set. An element of {+, −, 0} E is called a sign vector on E; and if X is a sign vector then X s denotes the set {e ∈ E | X e = s} for s ∈ {+, −, 0}. The composition of two sign vectors X and Y is the sign vector X • Y ∈ {+, −, 0} E such that
for all e ∈ E. Given two sign vectors X and Y , their separation set S(X, Y ) is
The reorientation of a sign vector X on a subset A ⊆ E is the sign vector −A X fulfilling ( −A X)
We are ready to define oriented matroids (by their covector axioms, see [13] for other axiomatics).
Definition 2.1 (Covector axioms) An oriented matroid on the ground set E is a pair M = (E, V * ), where V * ⊆ {+, −, 0} E -the set of covectors of M -satisfies the following axioms:
if X, Y ∈ V * and e ∈ S(X, Y ) then there exists Z ∈ V * such that Z e = 0 and
The set of all covectors of M is denoted by V * (M) and admits a natural partial order
The poset (V * (M) ∪ 1, ), where 1 is a top element, is a lattice, called the big face lattice of M. The minimal non-zero elements of V * (M) are called the cocircuits of M, and denoted by C * (M). Every non-zero covector can be written as
, is the rank of its big face lattice, and the rank of a covector X of M, denoted by rank M (X), is its rank in the big face lattice. An oriented matroid M is uniform if
Realizable oriented matroids
To each vector configuration W = (w 1 , . . . , w n ) in d-dimensional Euclidean space, we can naturally associate the oriented matroid
We say that an oriented matroid M is realizable if there is a vector configuration W such that V * (M) = V * W , which we call a realization of M.
For a point configuration P = (p 1 , . . . , p n ) in d-dimensional Euclidean space, its associated vector configuration V P = (v 1 , . . . , v n ) consists of the homogenized vectors v i := (p i , 1) in (d + 1)-dimensional Euclidean space and its associated oriented matroid is M P = ([n], V V P ). Note that M P contains the all-positive covector. The point configuration P is in convex position if and only if for each e ∈ [n] the covector X e with (X e ) 0 = {e} and (X e ) + = [n] \ {e} is a covector of M P . Moreover, the convex hull of F = {p i1 , . . . , p i k } is a face of conv(P ) if and only if M P has the covector X F such that (
Finally, the point configuration is in general position if and only if the associated matroid is uniform. In particular, simplicial polytopes always have at least one realization with a uniform associated oriented matroid.
The following definitions are motivated by these observations. Definition 2.2 An oriented matroid is acyclic if it contains the all-positive covector. An acyclic oriented matroid on a ground set E is called a matroid polytope * if for every e ∈ E it has the covector X e with (X e ) 0 = {e} and (X e ) + = E \ {e}.
Definition 2.3 Let M be a matroid polytope of rank r on a ground set E. A set F ⊆ E is a face of M if there is the covector X F of M such that (X F ) + = E \ F and (X F ) 0 = F . The poset formed by all faces of a matroid polytope M is called the face lattice (or Las Vergnas lattice) of M. * This concept should not be confused with the matroid basis polytope, the convex hull of the indicator vectors of bases of a matroid, which is sometimes also called a matroid polytope.
An oriented matroid can be realized by (the associated vector configuration of) some point configuration (resp. point configuration in convex position) if and only if it is a realizable acyclic oriented matroid (resp. realizable matroid polytope). In that case, the face lattice of the convex hull of the point configuration coincides with the Las Vergnas lattice of the oriented matroid.
Basic operations for oriented matroids
If P is a polytope and v one of its vertices, then the associated oriented matroid of the vertex figure P/v is the contraction M P/v = M P /v; and if F is a face of P , the associated oriented matroid of the quotient P/F is M P/F = M P /F . If an oriented matroid M of rank r on a ground set E can be written as M| E for some oriented matroid M of rank r on a ground set F such that E ⊆ F and |F \ E| = 1, the oriented matroid M is said to be a single element extension of M. An important observation is that for any X ∈ C * (M), a sign 
Isomorphisms of oriented matroids
There are several kinds of natural isomorphisms for oriented matroids.
Definition 2.4 (Equivalence relations for oriented matroids)
• The oriented matroids
• The oriented matroids M = (E M , V * M ) and N = (E N , V * N ) are reorientation equivalent if there exists a subset A ⊆ E M such that −A M and N are relabeling equivalent, where −A M is the reorientation of M by A i.e., the oriented matroid with the set of cocircuits { −A X | X ∈ V * }.
• The matroid polytopes M and N have the same combinatorial type if they have isomorphic (Las Vergnas) face lattices.
Throughout the paper, when we refer to numbers of oriented matroids, we consider them up to relabeling equivalence. Whenever we enumerate combinatorial types we state it explicitly.
Neighborly oriented matroids
Neighborly oriented matroids are the oriented-matroid generalization of neighborly polytopes (see [60] ). Definition 2.5 A matroid polytope M of rank r on a ground set E is k-neighborly if every k-subset of E is a face of M, and neighborly if M is r−1 2 -neighborly. A neighborly matroid polytope is also called a neighborly oriented matroid.
One of the outstanding properties of even-dimensional neighborly polytopes, first observed by Shemer in [58] , is that they are rigid. This was extended in [60] to neighborly oriented matroids of odd rank. Definition 2.6 An oriented matroid M is rigid if it is uniquely determined by its face lattice, i.e., any oriented matroid with the same face lattice coincides with M.
Theorem 2.7 ([58][60])
Neighborly oriented matroids of odd rank are rigid.
Therefore, two neighborly oriented matroids of odd rank are relabeling equivalent if and only if they have the same combinatorial type.
A final observation that we will allude to later.
Lemma 2.8 (cf. [13, Remark 9.4.10]) Neighborly oriented matroids of odd rank are always uniform.
More notation
Additionally, we use the following notation, where M is an oriented matroid, E its ground set and X, Y are covectors:
• P i (M): the set of rank i non-negative covectors of M.
• P (M) := P r−1 (M).
• N (M): the set of all non-positive cocircuits.
• Z(X) := {e ∈ E | X e = 0}(= X 0 )
Algorithm for enumerating neighborly oriented matroids
Goal Given r, n, k ∈ N with n ≥ r + 2 and k ≤ r−1 2
, enumerate all possible rank r uniform (realizable) k-neighborly oriented matroids on the ground set [n], up to relabeling equivalence.
Our approach to enumerate all uniform k-neighborly oriented matroids in OM(r, n) is incremental, and we always assume that all uniform k-neighborly oriented matroids in OM(r, n − 1) are already available. The enumeration follows three steps:
Step 1 For each uniform k-neighborly oriented matroid M in OM(r, n − 1), we use a SAT solver to list functions σ : C * (M) → {+, −} that form a superset of all localizations of single element extensions of M that are neighborly and uniform. In this step, it is important to reduce the number of candidates, i.e., to strengthen the SAT constraints.
Step 2 We compute which of the functions provide single element extensions.
Step 3 We compute one representative from each relabeling class.
Step 1. Enumerating candidates Let r, n ∈ N with n ≥ r + 2, and M a rank r uniform k-neighborly oriented matroid on [n]. Then
Let σ : C * (M) → {+, −} be the localization of the single element extension from M to M. The faces of M are completely determined by σ| P (M) and the faces of M by what is known as the beneath-beyond method (see [31, 44] and [13, Proposition 9.2.2]). Namely, Z is a rank m non-negative covector of M if and only if
The following lemma is straightforward from this characterization of the faces of M.
Lemma 3.1 Let M be a neighborly uniform oriented matroid that is a single element extension of M with localization σ. Then, for all m = 1, . . . , k and (i 1 , . . . , i m ) ∈ Λ(n, m),
where C 1 , . . . , C p are the non-negative cocircuits of M with Z(C j ) ⊇ {i 1 , . . . , i m } for j = 1, . . . , p and D 1 , . . . , D q are the non-negative cocircuits of M with |Z(D j ) ∩ {i 1 , . . . , i m }| = m − 1 for j = 1, . . . , q.
Consider the simplicial complexes P + and P − generated respectively by {Z(C)} C∈P (M),σ(C)=+ and by {Z(D)} D∈P (M),σ(D)=− . Observe that P + is the antistar of n + 1 in P ( M). Analogously, P − is the antistar of n + 1 in the face lattice of the extension of M with localization −σ.
P ( M) is always an (r − 2)-dimensional P L-sphere (see [13, Proposition 9.1.1]), the star of n + 1 in P ( M) is then a P L-ball (see [13, Theorem 4.7.21] ) and thus P ± are P L-balls (see [53, Corollary 3.13] ). (These are actually lifting triangulations of oriented matroids, see [54] .)
In particular, P ± is connected and, either it consists of a single simplex or for every simplex S 1 ∈ P ± there is a simplex S 2 ∈ P ± such that S 1 ∩ S 2 is a common facet of both S 1 and S 2 . This implies the following lemma. Moreover, the closed star of every l-face F of P ± , star F (P ± ) is a (r − 2 − l − 1)-dimensional P L-ball. Again, either star F (P ± ) consists of a single simplex or for every simplex S 1 ∈ star F (P ± ) there is a simplex S 2 ∈ star F (P ± ) such that S 1 ∩ S 2 is a common facet of both S 1 and S 2 . We obtain the following lemma as a consequence (compare with the discussion in [18] ). For a fixed oriented matroid M, the enumeration of all the assignments σ| P (M) : P (M) → {+, −} satisfying the above conditions (from Lemmas 3.1, 3.2 and 3.3) is nothing but a SAT enumeration problem. Such a SAT enumeration problem can be solved by relsat [11] for example.
As a summary, in the first step of our enumeration, we solve the following problem: For each uniform k-neighborly matroid M ∈ OM(r, n − 1), enumerate all assignments φ : P (M) → {true, false} satisfying
for all m = 1, . . . , k and (j 1 , . . . , j m ) ∈ Λ(n, m), where C 1 , . . . , C p are the non-negative cocircuits of P (M) with Z(C 1 ), . . . , Z(C p ) ⊇ {j 1 , . . . , j m } and D 1 , . . . , D q are the non-negative cocircuits of P (M) with |Z(
for all X ∈ P (M), where X 1 , . . . , X a X are the non-negative cocircuits of M with |Z(X) ∩ Z(
Step 2. Computing compatible oriented matroids The next step is to enumerate all compatible localizations σ with each σ| P (M) determined by the SAT solutions (or to compute one compatible localization if the resulting oriented matroid is known to be rigid in advance or if one wants to enumerate only face lattices of neighborly orienetd matroids). This can be done by checking whether compatible cocircuit signatures can be defined consistently along the colines (i.e., rank 2 contractions) of M, based on Las Vergnas' characterization [38] . We use a slightly modified version of the algorithm LocalizationsPatternBacktrack by Finschi and Fukuda [24] (starting with a specified σ| P (M) ). A similar algorithm to LocalizationsPatternBacktrack for uniform oriented matroids is also proposed by Bokowski and Guedes de Oliveira [14] .
The following is a characterization of localizations, due to Las Vergnas. It plays a fundamental role in our algorithm (and in LocalizationPatternBacktrack). (1) σ is a localization: there exists a single element extension M of M such that
where C * is the set of cocircuits of M.
(2) σ defines a single element extension on every contraction of M of rank 2.
An overview of our algorithm is as follows. For each SAT solution, the algorithm first determines the corresponding values of σ| P (M) , based on the SAT solution. Then, for each coline of M we consider the cocircuits C 1 , . . . , C 2k ordered along it. We choose an index m and substitute σ(C m mod 2k ) = · · · = σ(C m+k−1 mod 2k ) = + and σ(C m+k mod 2k ) = · · · = σ(C m+2k−1 mod 2k ) = −. If this conflicts with the values already assigned, we abort the substitution and try other indices. This backtracking procedure is repeated for all colines. Whenever the algorithm can continue this procedure until the last coline, then the obtained assignment σ is a localization. If this procedure complete any consistent assignment until the last coline, σ| P (M) cannot extend to a localization.
Step 3. Computing relabeling classes Next, we have to classify oriented matroids up to relabeling equivalence. It can be done efficiently by using the graph automorphism solver nauty [40] . First, note that two uniform oriented matroids M and N are reorientation equivalent if and only if their cocircuit graphs are isomorphic [10] . Given an oriented matroid M, the cocircuit graph of M is the graph CG(M) = (V CG (M), E CG (M)) where V CG (M) = C * (M) and e = {X, Y } ∈ E CG (M) if and only if S(X, Y ) = ∅ and Z X • Y for all Z ∈ C * (M) \ {X, Y }. In the following, we modify cocircuit graphs in order to check relabeling equivalence. Let G(M) = (V M , E M ) be the graph defined as follows.
Proposition 3.5 Uniform oriented matroids M and N are relabeling equivalent if and only if G(M)
and G(N ) are isomorphic.
Proof.
The only if part is trivial. To prove the if part, consider two uniform oriented matroids M and N whose respective graphs G(M) and G(N ) are isomorphic. Let φ be an isomorphism between G(M) and G(N ). Clearly, it holds that φ · M = N and φ(v + ) = v + or v − . By the result of [10] , M and N are reorientation equivalent. Note that φ(P (M)) = P (M) or N (M). This leads to the relabeling equivalence. Tables 1 and 2 display the number of neighborly (resp. 2-neighborly) oriented matroids and the corresponding face lattices for the classes that we managed to enumerate. Table 4 complements this information with the number of SAT solutions obtained in the first step of our computation, as well as how many of these solutions admitted compatible oriented matroids. Table 4 : Numbers of SAT solutions, compatible matroids and face lattices for k-neighborly oriented matroids of rank r with n elements.
Results

Realizability
The enumeration of combinatorially distinct face lattices of neighborly polytopes can be done by classifying neighborly oriented matroids into realizable and non-realizable. In this section we present a preliminary analysis, although the realizability of many neighborly matroids remains still undecided. The outcome of these results is diplayed in Table 3 .
Non-realizability certificates
An efficient method to test non-realizability of oriented matroids is the biquadratic final polynomial (BFP) method. This powerful technique produces non-realizability certificates based on linear programming relaxations of the Grassmann-Plücker relations. It can decide all non-realizable oriented matroids in OM(r, n) for (r, n) = (4, 8) , (3, 9) and those that are uniform for (r, n) = (3, 10), (3, 11) [3, 4, 16, 26, 49] . The smallest known example of non-realizable oriented matroid with no BFP proof is in OM (3, 14) [51]. We applied the BFP method to some classes of neighborly oriented matroids. We found a BFP non-realizability certificate for
• 1 out of 432 neighborly oriented matroids in OM(5, 10),
• 2 out of 13 937 neighborly oriented matroids in OM(5, 11),
• 811 of 42 910 neighborly oriented matroids in OM(7, 11),
• 6 of 2 592 neighborly oriented matroids in OM(9, 12).
• 63 neighborly oriented matroids in OM (8, 11) , where only one neighborly oriented matroid was picked up for each of the 35 993 face lattices (therefore, it does not mean that these 63 face lattices are non-polytopal).
The classes OM(5, 12) and OM (6, 10) were too large to perform this test. Moreover, by oriented matroid duality, the realizability problem for uniform matroids in OM(8, 11) is equivalent to that for uniform matroids in OM (3, 11) , whose realizability is already completely classified [4] . It is known that all non-realizable uniform oriented matroids in OM (3, 11) can be detected by BFP. Therefore, all the 35 930 neighborly oriented matroids in OM(8, 11) that do not have a BFP non-realizability certificate are realizable.
Realizability certificates
The Gale sewing construction for neighborly polytopes, proposed in [46] , provides a large family of neighborly oriented matroids. Gale sewing can be applied to any neighborly oriented matroid in OM(r, n) to obtain neighborly oriented matroids in OM(r + 2, n + 2). Since this construction is based on lexicographic extensions, it always yields a realizable oriented matroid when it is applied to a realizable oriented matroid.
# neighborly OMs (resp. face lattices) (rank, #elements) obtained by Gale sewing from a cyclic polytope (5, 8) 3 (3) (5,9) 18 (3) (5,10) 227 (227) (5, 11) 3 614 (3 614) (6, 9) 192 (47) # neighborly OMs (resp. face lattices) (rank, #elements) obtained by Gale sewing from a cyclic polytope (6, 10) 52 931 (8 231) (7, 10) 28 (28) (7, 11) 9 495 (9 495) (9, 12) 975 (975) Note that all neighborly oriented matroids in OM(5, 9) and OM (7, 10) are realizable [8, 18] . Applying Gale sewing to them, we obtained 11 165 and 975 neighborly polytopes in OM (7, 11) and OM(9, 12), respectively. We did not compute the case OM(5, 12) because of its size. (9, 12) In Section 4.5 we classify our neighborly matroids according to their number of universal edges. This allows to improve our study of realizability for neighborly matroids in OM (9, 12) .
Universal edges and OM
Indeed, in [50] it is proved that every neighborly oriented matroid of rank 2k + 1 with 2k + 4 vertices that has at least 2k − 4 universal edges is realizable. This implies that the 1 968 neighborly oriented matroids in OM (9, 12) with at least 4 universal edges are realizable. Even more, the 2 589 neighborly oriented matroids in OM (9, 12) with at least one universal edge are also easily classified into realizable and non-realizable. By the reduction sequence method in [50] , realizability of these matroids is reduced to realizability of rank 3 oriented matroids with at most 11 elements, whose realizability is completely classified [3, 4, 49] . As remarked in Section 4.1.1, it is known that all non-realizable rank 3 oriented matroids with up to 11 elements can be recognized by the BFP method. As a consequence, we know that 2 583 out of the 2 589 matroids in OM(9, 12) with a universal edge are realizable and 6 are non-realizable.
Non-linear optimization
With the BFP method we can decide realizability of all the neighborly matroids in OM(9, 12) except for the three that do not have any universal edge (cf. Section 4.5). These three matroids are also realizable. We found realizations with the help of the SCIP Optimization Suite [1] . For example, the following three 8-dimensional point configurations {p i } 0≤i≤11 , {p i } 0≤i≤11 and {p i } 0≤i≤11 realize them: This completes the enumeration of all neighborly 8-polytopes with 12 vertices.
Quotients of neighborly polytopes
General quotients
A longstanding open problem of Perles asks whether every combinatorial type of simplicial polytope appears as a quotient of an even dimensional neighborly polytope. This has been shown to hold for simplicial d-polytopes with ≤ d + 4 vertices [37] . We computed the quotients of our neighborly oriented matroid polytopes and compared them with the list of combinatorial types of polytopes obtained in [26] . There are 322 simplicial 5-polytopes with 9 vertices [26] . Amonge these, 321 simplicial 5-polytopes with 9 vertices appear as quotients of neighborly oriented matroids in OM (8, 11) . On the other hand, only 298 simplicial 5-polytopes with at most 9 vertices appear as quotients of neighborly oriented matroids with OM(9, 12).
The 5-polytope P with 9 vertices whose facets are is not a quotient of a neighborly polytope whose oriented matroid is in OM(7, 10), OM (8, 11) or OM (9, 12) . (However, it is a quotient of neighborly polytopes in OM(10, 13) and OM (11, 14) .) This is indeed a face lattice of a realizable oriented matroid, and hence of a polytope. An affine Gale dual of a realization of this polytope is depicted in Figure 1 . Below we provide some geometric intuition for our claim.
Lemma 4.1 Every neighborly polytope that has P as a quotient must have at least 13 vertices.
Proof idea.
We show that 12 vertices is not enough. For this we use two properties of affine Gale duals (for which we refer to [13] ), and argue on Figure 1 (although we argue with a concrete realization, it is easily seen that similar arguments carry on to any affine Gale diagram of P ): Figure 1 : Affine Gale diagram of P .
1. If P is a quotient of Q, then its affine Gale dual is obtained by removing some points from that of Q.
2. If Q is a neighborly polytope, then its affine Gale dual has the following property: for every hyperplane H + spanned by A, the number of black points in H + minus the number of white points in H + differs at most by one with the number of black points in H − minus the number of white points in H − (see [60] ).
Hence, we need to study how to add points to the Gale diagram of P so that it fulfills property 2. Now, looking at the lines spanned by the points 1, 2 and 3 we see that if we added two or three points, they should all be black and lie in the triangle spanned by 1, 2 and 3. However, then the line spanned by 1 and 4 would still be unbalanced. Kortenkamp proved in [37] that every simplicial d-polytope with d + 4 vertices is a quotient of a neighborly (2d + 4)-polytope with 2d + 8 vertices. It is easy to construct examples of simplicial dpolytopes with d + 4 vertices that cannot be a quotient of any (even-dimensional) neighborly polytope with less than 2d + 2 vertices: any that has a missing edge. This polytope is the first example where the trivial bound is not enough, and shows that Kortenkamp's result cannot be improved to a quotient of a neighborly (2d − 2)-polytope with 2d + 2 vertices.
We also observed that all 23 simplicial 3-polytopes with at most 8 vertices appear as quotients of neighborly oriented matroids in OM (7, 11) . Another observation is that the number of all simplicial matroid polytopes of rank 5 with 9 vertices (1143, 1 of which is non-polytopal) [6] and that of the vertex figures of neighborly matroid polytopes of rank 6 with 10 vertices differ by 6. 
Extendability
An old open problem posed by Shemer in [58] asks whether every neighborly oriented matroid of odd rank can be extended to a neighborly oriented matroid. That is, if for every M ∈ OM(2r + 1, n), there is a neighborly oriented matroid M ∈ OM(2r + 1, n + 1) such that M \ {n + 1} = M. We observed that every neighborly oriented matroid in OM(5, ≤ 11) and OM(7, ≤ 10) can be extended to a neighborly oriented matroid.
Facet-ridge graphs
The facet-ridge graph of a polytope is that formed by connecting its facets that have common ridges. It is a fundamental object of study in polytope theory [20, 21, 36, 55] .
Diameters
The Hirsch conjecture stated that the facet-ridge graph diameter of a polytope P was always not greater than n − d, where n and d are the number of vertices and the dimension of P respectively. Although the conjecture has been disproved by Santos [55] , the smallest counterexamples are still high dimensional. In particular, the Hirsch conjecture is still open in dimension 4. We compute all possible the diameters for neighborly matroid polytopes of small rank and corank, and state the number of instances that attain it. Note that the Hirsch conjecture is known to hold for all the classes of neighborly polytopes that we computed [20, 21] . For the duals of cyclic polytopes, the Hirsch conjecture is known to hold [36] , and Kalai [34] Moreover, all uniform 2-neighborly oriented matroids in OM (7, 10) and OM (8, 11) were observed to have diameter 4. It might be conjectured that the facet-graph of every 2-neighborly uniform oriented matroid of corank 3 with at least 8 elements has diameter 4 (it is always at most 4 [35] ).
Hamiltonian circuits
In [36] , Klee proved that the facet-ridge graph of a cyclic polytope always has a hamiltonian circuit and asked whether the same holds for every even-dimensional neighborly polyopes. We verified that this property is indeed shared by all our simplicial neighborly and 2-neighborly polytopes (and matroid polytopes).
Number of universal edges
An edge e of a neighborly oriented matroid M of odd rank is called universal if the contraction M/e is also neighborly. Universal edges correspond to inseparable pairs of elements of the underlying oriented matroid [50] and play an essential role in the construction techniques for neighborly polytopes [46, 58] . They are also important to check realizability of neighborly oriented matroids, as explained in Section 4.1.3. The number of universal edges of a matroid of odd rank with n elements is one of 0, 1, . . . , n − 2, n [58] . We enumerated our oriented matroids of odd rank according to their number of universal edges.
The results are displayed in Table 5 . So far, only one example of neighborly oriented matroid without any universal edge was known, in OM(5, 10) [19] . We found new examples in the new classes. In particular, Richter and Sturmfels asked in [50] whether there exists a neighborly 2k-polytope with 2k + 4 vertices without universal edges (Problem 5.5). There are three neighborly oriented matroids in OM(9, 12) that do not have any universal edges, and they are realizable (see Section 4.1.4), which answers this question in the affirmative.
Edge-valence matrices
Altshuler and Steinberg [8] defined edge-valence matrices and used their determinants as invariants of combinatorial types of neighborly polytopes. The edge-valence matrix of a neighborly polytope N with vertices v 1 , . . . , v n is an n × n matrix A = (a ij ), where a ij is the number of facets of P that contain the edge v i and v j for i, j = 1, . . . , n.
On the other hand, Bokowski and Shemer [18] used a modified version of edge-valence matrices, based on the notion of missing faces. The convex hull F of some vertices of a polytope P is a missing face of P if F is not a face of P . The notion of missing faces plays a fundamental role in neighborly polytope theory, see [58] . They consider the matrix M = (m ij ), where m ij is the number of missing faces of P that contain v i and v j for i, j = 1, . . . , n.
We computed the determinants of these two versions of edge-valence matrices for our neighborly oriented matroids. This computation shows that det A and det M do not completely distinguish combinatorial types of neighborly (matroid) polytopes but that they are very powerful invariants. In [18] , the authors observed that the values of det M separate polytopes and non-polytopal spheres (in dimension 6 with 10 vertices). That particular, they observed that det M 's of non-polytopal spheres are greater than those of polytopal ones. Combined with the results from Section 4.1, our computaion shows that the observation is not true any more in OM (5, 10) .
For further study, it might be interesting to study eigenvalues of A and M . In particular, it would be interesting to investigate when det A = 0 holds.
Sharp instances of the generalized upper bound conjecture
Uli Wagner once posed the following question (personal communication). Question 4.2 Is there, for every possible rank and number of elements, a (realizable) oriented matroid M with an element e, such that M \ e is neighborly and M * \ e is also neighborly.
The context of this problem is the search for sharp instances of the affine generalized upper bound conjecture (AGUBC), studied in [62] . The AGUBC states that for every arrangement A of n affine halfspaces in
is the polar-to-cyclic spherical arrangement and v ≤ (A) is the number of vertices of the arrangement at level at most (cf. [62] ). Observe that for = 0 the AGUBC is just the upper bound theorem for convex polytopes.
In oriented matroid language, the conjecture says that the number of cocircuits X with |X − | ≤ and X g = + in any (realizable) affine oriented matroid (M, g) (see [13, Section 4.5] ) is never larger than the number of cocircuits X with |X − | ≤ of a uniform neighborly matroid. The AGUBC is proved up to a factor of 2 in [62] . However, there are no lower bounds for max A v ≤ (A) when v ≤ is in the range n/(d + 1) ≤ ≤ (n − d − 1)/2. Now, call a point configuration S -centered around o if every affine hyperplane through o contains at least − 1 points of S in each of the open halfspaces that it defines. Any neighborly d-polytope with n vertices that is -centered around a point o ∈ R d provides a sharp instance of the AGUBC for ≤ -levels. Indeed, any polar-to-neighborly arrangement has the same number of elements at any level, and the -centeredness condition ensures that all these vertices are affine (i.e. that they belong to the "northern hemisphere" polar to o, cf. [62] ). For the particular case = (n − d − 1)/2, the centeredness condition is easily seen to be equivalent to being the Gale dual of a neighborly polytope (see, for example, [46] ).
However, we found that there is only one oriented matroid in OM(5, 10) that admits an extension fulfilling the condition of Question 4.2 and none in OM (5, 12) and OM (7, 12) .
The equality case of the AGUBC is conjectured to hold only for polar-to-neighborly arrangements. Our results show that, in this case, the AGUBC would not always be sharp for the levels ≤ (n − d − 1)/2 of d-dimensional arrangements of n affine halfspaces.
Dual surrounding property
In [33] , Holmsen, Pach and Tverberg studied k-surrounding sets. A finite point set P ⊆ R d is said to possess the property S(k) if for every Q ⊆ P with |Q| = k there exists an R ⊆ P \ Q with |R| = d + 1 − k such that 0 ∈ conv(Q ∪ R).
The Gale dual notion for k-surrounding sets is the property S * (k). A finite point set P ⊆ R d is said to possess the property S * (k) if for every Q ⊆ P with | Q| = n − k, there exists an R ⊆ Q with | Q| = d that forms a facet of conv( P ). A point configuration P ⊆ R d has the property S(k) if and only if its Gale dual P * ⊆ R n−d−1 fulfills the property S * (k). In this context, the authors of [33] remark that the cyclic (n − 2k + 1)-polytope with n vertices has property S * (k) when n is odd. Motivated by this observation, we wanted to explore whether there is a stronger relation between neighborliness of (n − 2k + 1)-polytopes with n vertices and the property S * (k).
